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Abstract-A Hille-Wintner type comparison theorem is established to provide a criterion for the 
existence of o(t2) nonnegative solution to an nth order linear differential equation. 
Criteria for the existence of slowly growing “ground state” solutions of differential equations are 
important in mathematical physics. In this note, we are concerned with a class I? of nth order 
linear differential equations of the form 
where 
(i) 
(ii) 
.@) + p(t) z = 0, t 2 0, (1) 
(-l)n p(t) > 0 for t 2 0 and p is not identically zero on [a, co) for any a 2 0: that is, either 
the order n is even, and p is a nonnegative continuous function defined on [0, oo), such 
that p is not identically zero on [a, co) for any a 2 0; or 
the order n is odd, and p is a nonpositive continuous function defined on [O, co) such that 
p is not identically zero on [a, co) for every a 2 0. 
In [l], it is shown that if an equation in the class I with coefficient function q and order n has 
a nonnegative solution which is o(t2), then for any other member equation in I’ with the same 
order n and coefficient T which satisfies (-1)” r(t) I: ( -l)n q(t) for t 2 0, we can also find a 
nonnegative solution which is o(t2). 
Here we shall develop a Hille-Wintner type comparison theorem for two member equations 
in I. More specifically, we shall show the following theorem. 
THEOREM 1. Let 
dn) + r(t) 2 = 0, t>o (2) 
and 
?.P) + q(t) 21 = 0, t_>o (3) 
be two member equations in the class l? such that (3) has a nontrivial and nonnegative solution 
u(t) which satisfies u(t)/t2 + 0 as t + 00. Suppose 
(-l)n /m r(s) ds I (-1)n lrnq(a) ds t20 
t 
(4 
then (2) also has a nontrivial and nonnegative solution z(t) which satisfies z(t)/t2 --) 0 as t -+ cm. 
Our proof is based on a result of Kim [2, Theorem l] and a transformation technique of Erbe [3] 
who deals with a Hille-Wintner type comparison theorem for nonoscillatory solutions of linear 
fourth order differential equations. 
LEMMA 1. [2, Theorem l] Hz(t) is a nontrivial solution of (1) such that s(t) 2 0 and s(t)/t2 --t 0 
as t 4 co, then (-l)“-’ dk) (t) > 0 for k = 1,2, . . . , n - 1 and t 2 0, and z@) (t) -+ 0 
monotonically as t -+ 00 for k = 2,3, . . . , n - 1. 
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Now let u(t) be a nontrivial solution of (3), such that u(t) > 0 and u(t)/t2 + 0 as t --+ 03. Let 
IL’ I, u(3) 
‘US = -+, u3 = -(... ,%-I = 
(-1)n ,(n-1) 
IL1 = -, , for t > 0. 
U u U 
Then clearly ur > 0, 2~2 > 0,. . . , u,-1 > 0 and ui(t) + 0 as t ---) cc by Lemma 1. Furthermore, 
(5) 
u; = -t&+1 - uiur, i = 1,2,...,1-2 
and 
u;_l = (-l)n {C - (F) (Z) } = (_l)n+lq _ u,_rul, (f-5) 
Let functions fr, . , fn_l be defined by 
fz(u1,. ‘. >u,,-1) = %+1 + Uz,ul. i= 1,2,...,n-2 
and 
Then clearly f? is positive and nondecreasing in each uJ for ~1 > 0, 2~2 > 0,. . , ‘~~-1 > 0. 
Since each 21% -+ 0 as t + 00, (5) and (6) t o e g th er can be written as a system of integral 
equations 
,u,(t) = J ( Yi w(s),.. t > 0, 1 < i < n- 1, (7) t .,u,,-l(s))ds+ Jx(-l)"o~.~~-I'i(")ds. t 
where 6,, equals 1 if i = j and equals 0 if i # j. At this point, it is clear that we can write (7) 
as an operator equation 
U(t) = Su F(U(s)) ds + J t mQ(s) ds> t > 0, (8) 
whereU= (ur,...,~~_r), ‘( F = fl, . , fn-l) and Q = (0, . , 0, ( -l)n q). There are results in 
the theory of monotone operators which will help to establish our proof. However, the method 
of successive approximations is just as easy and can be sketched as follows. We let R be the 
set of all (n - l)-vector continuous functions on (0, co) endowed with the usual component-wise 
ordering and operations. Let 
~={XE~~O<X~U}. 
Consider the following operator equation 
X(t) = TX(t) z J M F(X(s)) ds + Su R(S)+ t >0, t t 
where R = (0,. . . (0, ( -l)n r). We seek a fixed point of T in C by defining a sequence of successive 
approximations as follows: 
~0 = U, xj+l = Txj, forj=0,1,2 ,.... 
Then by the monotonicity of the functions fi and the condition (4), it is easily seen that 
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This shows that Xj converges monotonically and uniformly on compact subintervals of (0,oo) to 
a vector function X(t) = (xl(t), . . . ,zn_l(t)) so that it is a fixed point of T in C. Note that 
G-l(t) 2 s y-1y r(s) ds > 0, t > 0, t 
by our assumption on r. Thus, 
%-2(t) = 
r 
&-l(S) + 5,-2(s) Xl(S) > 0, t > 0, 
+ 
and similarly, x,-s(t) > 0,. . . , xl(t) > 0 for t > 0. 
Finally, by defining 
r(t)=exp{~zrr(s)&}. t>O, 
we may easily check that z(t) is a solution of (2), which satisfies z(t) > 0, (-l)“-’ zck)(t) > 0 
for t > 0 and 1 < k 5 71 - 1. Furthermore, since 
u’(t) for t > 0, 
thus, 
u(t) x(t) 5 - 
n(1) ’ 
for t > 1, 
so that z(t)/t2 + 0 as t + co. The proof is complete. 
To close this note, we remark that in the course of our derivation of the proof of TheoreIn 1, 
we have also established the following theorem. 
THEOREM 2. Let equation (2) and equation (3) be two member equations of r such that condi- 
tion (4) is satisfied. If (3) flas a solution u(t), rvflicfl satisfies u(t) > 0 and (-l)‘-’ ,uck)(t) > 0 
for t > 0 and 1 5 k 2 n - 1, tflen (2) also fras a solution r(t), which satisfies z(t) > 0 and 
(-1) _- h’z(“)(t)>Ofort>Oandl<k<~t-l. - 
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